We show that sufficiently strong laser beams with two frequencies differing by a cyclotron frequency of a free electron can give rise to strong cyclotron excitation with prohibited and allowed cyclotron orbits as well as to an optical Stark shift. This is due to a combination of relativistic effects and results in multiple isolated branches of excited motion (isolas). The formation of the first three-photon isola, when Xcyclotron -2 mm and Xlaser ` 10 Atm, can be observed with the laser power as low as 10 mW.
The interaction of microwave and optical radiation with a slightly relativistic single electron can result in strong nonlinear-optical effects. 1 -5 These relativisticbased effects constitute the most fundamental mechanism of nonlinear interaction of light with matter 4 ; they include hysteresis and bistability in cyclotron resonance of a free electron predicted in Ref. 1 and experimentally observed in Ref. 2 , multiphoton resonances, 3 and high-order subharmonic excitation. 5 Most of these effects require a low intensity of driving EM radiation, which is due to small synchrotron-radiation losses of a free electron. By using multiphoton processes, 3 ' 5 the microwave cyclotron resonance of an electron can be excited by optical (laser) radiation. In the simplest case of three-photon resonace, 3 two driving laser beams (or modes) whose frequencies differ by a cyclotron frequency can be used for this purpose.
In this Letter we show that when the driving intensity becomes sufficiently high, the three-photon interaction can result in the formation of multiple isolated branches of the electron's kinetic energy as a function of the driving amplitude or frequency detuning (socalled isolas). This suggests that some of the cyclotron orbits are prohibited, which also may be regarded as a forced quantization.
We also show that this phenomenon is accompanied by an optical Stark effect, i.e., an intensity-dependent shift of the resonant frequency.
Consider a single electron in a homogeneous magnetic field Ho = hio, which gives rise to a cyclotron resonance with the initial frequency Q, = eHo/moc. The electron is illuminated by optical waves whose frequencies are, respectively, w, and W2 (with wa > C2).
We designate o -2 = Q and assume that neither ratio (G 1 + W2)/Q-nor c0 1 , 2 /Q is an integer (this excludes higher-order subharmonics 5 and can readily be arranged by the proper frequency tuning). We choose the propagation configuration such that all the traveling waves Ej propagate in the plane normal to Ho with their polarizations parallel to Ho (see the inset in Fig.  1 ). We describe the motion of the electron by its momentum p and introduce the dimensionless quantities p = p/moc, fj = Ej/Ho = eEj/mocQ,, and qj = kj/kj, where kj = co/c. Then a conventional Lorentz equation (which also takes into account an energy loss due to the synchrotron radiations) can be written as 3 9, ih+rFyp=1f +,Y1pX[~qiXfi+h], (1) where fj are all the traveling waves participating in the interaction, with their respective arguments being wjt 
where Fc(s) are cyclotron components of various sthorder forces F(s), the first two of which are determined by the equations the areas between the curves, to prohibited excitation. The inset shows the wave-propagation configuration.
tron momentum PncM 1 ) can be expressed in the amazingly simple form
We assume now that h = A and that the driving radiation at both frequencies co, and 02 forms standingwave patterns with all the waves propagating along the same axis, say x, i.e., qn+ = ifx; see the inset in Fig. 1 .
The standing-wave configuration is chosen for the reason that at the equilibrium mode the radiation force acting upon the electron is canceled for both of the waves, and therefore the trapping potential (although weak) can be excluded from the consideration. The electric fields of these standing waves can be expressed as fen = fn+ + fn-(n = 1, 2), with fn+ = fng, sin(wnt + knx + an+)/2. Here fn+ are counterpropagating traveling waves with the same amplitude fn/2 and frequency wn; their phases Ni/n in general could be different. The steady state of equilibrium cyclotron motion in the chosen configuration is achieved when the center of the cyclotron orbit coincides with the zero of one of the standing waves and simultaneously with the maximum of the other one. At this point the average radiation forces of all the waves acting on the electron cancel one another. Therefore one of the choices for the phases in the equation for fn+ is i1p+ = 0, ikj-= 7r, and
In the three-photon excitation, 3 FC (1) 
(8)
In Eqs. (7)- (10) (11) is the existence of new, isolated branches of excitation, which we call isolas, that are similar to isolas in other areas of nonlinear physics. 7 In the steady-state solutions, the isolas appear when the driving force 9u (3), and therefore the kinetic energy of the electron, increases. These isolas occur because of a spatially oscillating wave pattern of the driving radiation; they can be expected when a > 1. In order to illustrate the formation of isolas, we consider the case of low-energy excitation pC 2 /2 (but sufficiently high parameter a). Indeed, since usually W1, 2 >> Qc, the condition a > 1 or even a >> 1 can be satisfied even with Pc -fc << 1, i.e., still in the low relativistic mode of excitation. In such a case, by simplifying definitions, Eqs. (9) and (10) 6 Mucr [,Ucr is a critical magnitude of t(3) for formation of the first isola]; 4, A0 -4 pUcr, the formation of the second isola. The solid branches in curves 1-4 correspond to stable states; the dashed ones, to unstable states.
where J, = Ja(a). It is readily seen that the steadystate excitation is allowed only if 2/,u(3)1J,(at)1 2 apcr.
(13) This condition determines the maximum possible momentum of excitation (Pc)max for any given driving amplitude AU(3). Equation (12) shows, on the other hand, that when AU(3) exceeds some level, there are ranges of momentum Pc [such that Pc < (Pc)maxl, in which the steady-state excitation does not exist, i.e., some orbits are prohibited (note that rc = Pc/kc /3c/kc, where kc = Q2cC). Equation (13) Prohibited orbits correspond to the destructive interaction of both of the waves with the electron, as opposed to the constructive interaction pertinent to the allowed orbits. This situation gives rise to the The results of the stability analysis of Eqs. (7) and (8) are shown in Fig. 2, in which the Assuming that Xc -2 mm, X1,2 -10Am (CO 2 laser), and that the driving intensity is equal at both of the laser frequencies (fi = f2), we estimate the critical laser intensity as -77 W/cm 2 . With an illuminated spot Ac X Aisser -10-4 cm 2 , this translates into the total power -10-2 W. Figure 2 shows that a curious feature of all these regimes is the self-crossing of steady-state solutions that occurs both in the isolas (curves 3 and 4 in Fig. 2 ) and in the main, mother curve (curve 2 in Fig. 2) . One should note, though, that the point of self-crossing actually corresponds to two different states of the system with different phases k, which are readily found from Eqs. (7) and (8) with d/dt = 0. Equation (12) shows that the self-crossings occur at Pc, determined by the equation Jo(a) = J 2 (a), i.e., at rsc -Xl/4, where 1 is an integer (for sufficiently large 1). The critical magnitude of AU(3) for the first self-crossing to occur is Ausc 3[Qc(coj + 02)]r P icr113, which, in the above-mentioned case, corresponds to the laser intensity -6 W/cm 2 . Experimentally, both hysteresis and isolas may be observed by measuring either the mass of electrons 2 or radiation at the cyclotron frequency Q or the four-wave mixing frequencies W 3 = 2w, -W2 and W4 = 2W2 -Wl.8
In conclusion, we have demonstrated that the threephoton interaction of a biharmonic laser with a single electron may result in strong cyclotron excitation, characterized, in addition to relativistic hystereses, by multiple isolas. The critical power of laser radiation required for observation of the first isola is very low and can be obtained by using the cw regime of any conventional laser.
